Abstract. The Buchsbaum-Eisenbud-Horrocks Conjecture predicts that the i th Betti number β i (M ) of a non-zero module M of finite length and finite projective dimension over a local ring R of dimension d should be at least
Introduction
We recall a long-standing conjecture (see [3, 1.4 
] and [6, Problem 24]):
Conjecture (Buchsbaum-Eisenbud-Horrocks Conjecture). Let R be a commutative Noetherian ring such that Spec(R) is connected and let M be a non-zero, finitely generated R-module of finite projective dimension. For any finite projective resolution 0 → P d → · · · → P 1 → P 0 → M → 0 of M we have rank R (P i ) ≥ c i where c = height R (ann R (M )), the height of the annihilator ideal of M .
The validity of the Buchsbaum-Eisenbud-Horrocks Conjecture would imply that the "total rank" of any projective resolution of M is at least 2 c . In this paper, we prove this latter inequality holds in a large number of cases: Theorem 1. Assume R, M , and P · are as in the Buchsbaum-Eisenbud-Horrocks Conjecture, and that in addition (1) R is locally a complete intersection and M is 2-torsion free, or (2) R contains Z/p as a subring for an odd prime p.
Theorem 2 below is the special case of Theorem 1 in which we assume R is a local and M has finite length. We record it as a separate theorem since Theorem 1 follows immediately from it and also because in the local situation we can say a bit more.
For a local ring R and a finitely generated R-module M , let β i (M ) be the i th Betti number of R, defined to be the rank of the i th free module in the minimal free resolution of M . To see that Theorem 1 follows from Theorem 2, with the notation of the first theorem, let p be a minimal prime containing ann R (M ) of height c. Then dim(R p ) = c, M p has finite length, and
∈ p and hence is invertible in R p . I thank Seth Lindokken, Michael Brown, Claudia Miller, Peder Thompson and Luchezar Avramov for useful conversations about this paper.
Complete intersections of residual characteristic not 2
In this section we prove part (1) [5] . Gillet-Soulé's definition involves the Dold-Kan correspondence between complexes and simplicial modules, but if 2 is invertible in R, then ψ 2 admits a simpler description: For F · ∈ Perf fl (R) let T 2 (F · ) denote its second tensor power F · ⊗ R F · endowed with the action of the symmetric group Σ 2 = τ given by
. By [1, 6 .14] we have
. Let ℓ R denote the length of an R-module and write χ : Proof. Let F · be the minimal free resolution of M , so that χ(F · ) = ℓ R (M ) and rank R (F i ) = β i (M ). Using (2.1) we get (2.5)
Putting the inequalities (2.5), (2.6), and (2.7) together yields
d . Then the inequalities (2.5), (2.6), and (2.7) must actually be equalities, which means that
is the classical second exterior power, M must be cyclic; i.e., of the form R/I for some ideal I. Since F · ⊗ R R/I has trivial differential, I/I 2 ∼ = Tor gives that I is generated by a regular sequence of elements.
Rings of odd characteristic
In this section we prove part (2) of Theorem 2. The main idea is to replace the Euler characteristic χ occurring in the proof of part (1) with the Dutta multiplicity. Definition 3.1. Assume (R, m, k) is a complete local ring of dimension d that contains Z/p as a subring for some prime p and that k is a perfect field. For
where ϕ e denotes extension of scalars along the e th iterate of the Frobenius endomorphism of R. The limit is known to exist by, e.g., [9, 7.3.3] .
Proof of Theorem 2 part (2). There is a faithfully flat map
′ is complete, and k ′ is algebraically closed; see [4, 0.10.3.1] . Letting M ′ := M ⊗ R R ′ , we have that M ′ is a non-zero R ′ -module of finite length and finite projective dimension, β
for all i, and dim(R ′ ) = dim(R). We may therefore assume R is complete with algebraically closed residue field.
Let F · be the minimal free resolution of M . Since R is complete with perfect residue field, a result of Roberts [9, 7.3.5] gives
and a result of Kurano-Roberts [7, 3.1] gives (using (2.1))
For each e ≥ 0 we have ϕ e S 2 (F · ) ∼ = S 2 (ϕ e F · ) and ϕ e Λ 2 (F · )) ∼ = Λ 2 (ϕ e F · ) and thus
As in the proof of Theorem 2.4, for a fixed e we have 1
By [8, 1.7] , the complex ϕ e (F · ) is the minimal free resolution of the finite length module ϕ e (M ), for each e ≥ 0. As in the proof of Theorem 2.4, for each i we have
We have proven that 1
holds for each e ≥ 0. Taking limits and using (3.3) gives
Since χ ∞ (F · ) > 0 by (3.2), we conclude i β i (M ) ≥ 2 d .
